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VECTORS, PLANE GEOMETRY PROOFS

Questions

In this exercise you are guided through a vector proof of the theorem of Menelaus.

Let PQR be any line that cuts AB, AC and BC (each produced if necessary) of triangle ABC.

A
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The theorem of Menelaus says, 7B RC QA = 1, where each fraction is understood as a ratio of

magnitudes.

1. Choose basis vectors AB = u and AC = v. Express BC as a linear combination of the basis
vectors.
Express the fact that AP is a scalar multiple of u using the scalar p.
Deduce an expression for PB involving u and p.
In a similar way, using the basis vectors and scalars g and r, derive expressions for C_Q, @, BR

and RC.

5. Ina manner similar to that used in Example 2, form expressions for %, ||FB{:—IZ|| d %, and hence
their product. Remember to adjust for the fact that BR and RC point in opposite directions.

6. Express ﬁi and @ in terms of the vectors already obtained. Hence, write PR as the sum
PQ + QR.
Make use of the fact that PQR is a line by writing PRasa multiple ofﬁi using a scalar t.
Equate the two expressions for PR to show, using the independence of u and v, thatr =
t(1—gq)andp+r—1 = tp. Now rearrange these equations to obtain g and p in terms of
and t.

9. Substitute these values into the result of question 5 and simplify to complete the proof.

Answers
1. BC=v-—u
2. AP = pu
3. PE=(1-pu
4. CQ=-qv,QA=—(1—-q)v,BR=r(v—u),RC= (1 -7r)(v—u)
5. @ =2 @ =T @ — a1
[PB| 1-p’ [RC| 1-r’ [Qa| ~ 1-q

6. P_Q)=(1—q)v—pu,ﬁi=qv—(l—r)(v—u),ﬁi= v+ (1 —-p—-nru
7. PR= t(1—q)v—tpu
T 1-r
8. CI: - _TL'
1-p r—t 1-q r r— 1-r r





